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Abstract
In this paper we use the theory of formal moduli problems developed by
Lurie in order to study the space of formal deformations of a k-linear∞-category
for a field k. Our main result states that if C is a k-linear ∞-category which
has a compact generator whose groups of self extensions vanish for sufficiently
high positive degrees, then every formal deformation of C has zero curvature
and moreover admits a compact generator.
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1 Introduction
Let k be a field of characteristic zero and let B be an associative k-algebra. It
is known since the work of Gerstenhaber that the formal deformations of B up to
isomorphism are in bijection with the set of solutions of the Maurer–Cartan equation
in Hochschild cohomology up to gauge equivalence. In their seminal work [KS05]
Kontsevich and Soibelman have pionereed the approach of studying deformations
of dg-algebras and dg-categories using differential graded Lie algebras. They show
that if B is a connective differential graded algebra over k, its deformations as
a dg-algebra up to quasi-isomorphism are controlled by the truncated Hochschild
cohomology complex viewed as a differential graded Lie algebra.
Given a k-linear dg-category C, it has been a long standing problem to give the
precise relation between the dg-category deformations of C up to Morita equivalence
and its Hochschild cohomology complex. In the case of first order infinitesimal
deformations, each Hochschild 2-cocycle corresponds to a curved A∞-deformation
of C (see [Low08]). In [KL09], B. Keller and W. Lowen gave examples of curved
deformations which are not Morita equivalent to uncurved deformations. In [LB15],
W. Lowen and M. Van den Bergh study deformations of a dg-algebra B up to
torsion Morita equivalence and show that when B is cohomologically bounded
above, the set of formal deformations of B up to torsion Morita equivalence is
in bijection with the set of Maurer–Cartan solutions up to gauge equivalence.
In order to study the whole space of deformations of a category up to Morita
equivalence and not just merely its set of connected components, and also to
exhibit the precise relation between this space and Hochschild cohomology, it is
useful to place ourselves in the setting of derived algebraic geometry and more pre-
cisely in the language of formal moduli problems developed by Jacob Lurie in [Lurb].
Formal moduli problems. Deformation theory was first formalized through
the notion of functors on artinian rings satisfying the Schlessinger conditions.
Formal moduli problems form a derived and higher analog of these functors. We
refer the reader to [Lurb] for an introduction to formal moduli problems and their
classification. Roughly they are functors from certain artinian E∞-algebrasa to
spaces satisfying the derived analogs of the Schlessinger conditions. The main result
states that formal moduli problems are classified by differential graded Lie algebras
(over a field of characteristic zero). In loc. cit. Lurie studies noncommutative
analogs of formal moduli problems known as formal En-moduli problems for n ≥ 1,
which are functors from artinian En-algebras to spaces satisfying the derived
Schlessinger conditions, where En is the ∞-operad of little n-cubes. In this context,
the formal En-moduli problems are classified by augmented En-algebras. It is
often useful to find the minimum n for which a moduli problem is defined, thereby
obtaining the true algebraic structure on the tangent complex (see [Fra13] for a
discussion of these ideas).
aIn characteristic zero, we can also think of these as functors on artinian commutative differential
graded algebras.
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Formal moduli of a category after Lurie. Let k be a field of arbitrary
characteristic. In loc. cit. Lurie studies deformations of a presentable stable k-
linear ∞-categoryb C up to equivalencec by looking at the functor
CatDefC : Alg(2),artk → S
from the∞-category of artinian E2-algebras to the∞-category of spaces, classifying
deformations of C. That is, for an artinian E2-algebra A, the space CatDefC(A)
classifies pairs (CA, u) with C a right A-linear ∞-category and u : CA ⊗A k ' C an
equivalence. In general, the functor CatDefC does not satisfy the derived Schlessinger
conditions, the moral reason for this being the existence of curved deformations
(see Example 4.11). When C is compactly generatedd, the subfunctor CatDefcC ⊆
CatDefC spanned by compactly generated deformations is better behaved and closer
to satisfying the Schlessinger conditions. We denote by HH∗(C) the E2-algebra given
by the center of C whose homotopy groups are the Hochschild cohomology groups
of C. Lurie constructs a natural transformation
θC : CatDefcC → ΨHH∗(C) = CatDef∧C
from CatDefcC to the formal moduli problem controlled by the augmented E2-algebra
k ⊕ HH∗(C). He shows that under certain reasonable boundedness assumptions on
C the map θC is close to being a homotopy equivalence: it induces an isomorphism
on pii for i ≥ 1 (at any basepoint) and an injection on pi0. The formal moduli
CatDef∧C can be regarded as a substitute for the space of curvedA∞-deformations and
the map θC as the embedding from uncurved deformations to curved deformations.
By the universal property of the center, for each artinian E2-algebra A, the space
CatDef∧C (A) is given by the space of linear actions of the E2-algebra D(2)(A) on the
∞-category C, where D(2)(A) is the E2-Koszul dual of A.
1.1 Main results
Our main results provide a new understanding of the behavior of the map θC in
the case of formal deformations, that is, over the adic ring k[[t]] of formal power
series. Namely, we give conditions on C under which the map θC induces a homo-
topy equivalence on formal deformations, therefore providing the missing step to
relate deformations of categories to Hochschild cohomology. It can also be viewed
as a solution to the curvature problem of [LB15], where similar computations are
performed.
bAs a matter of facility for citations, from now on we study deformations of linear ∞-categories
instead of differential graded categories. See the work of L. Cohn [Coh13] for a comparison between
the two theories, recalled in §3.1.
cRecall that the notion of equivalence between presentable ∞-categories corresponds to the
notion of Morita equivalence between the corresponding small subcategories of compact objects.
See §3.1.
dAn ∞-category is compactly generated if it is generated under filtered colimits by its subcat-
egory of compact objects (as for example the derived ∞-category of quasi-coherent sheaves on a
finite type scheme).
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Let k be a field and let C be compactly generated k-linear∞-category. The space
of compactly generated deformations of C is the space
CatDefcC(k[[t]]) ' lim
i
CatDefcC(k[t]/ti).
That is, a point in this space is essentially given by a formal family {Ci}i≥1 where each
Ci is a compactly generated deformation of C over k[t]/ti and Ci+1⊗k[t]/ti+1k[t]/ti ' Ci
is an equivalence, plus higher coherences. In this case, the space CatDef∧C (k[[t]]) is
given by the space of linear actions of the E2-algebra D(2)(k[[t]]) ' k[u] on the ∞-
category C, where k[u] is the free graded commutative algebra on a generator u in
cohomological degree 2 viewed as an E2-algebra.
Theorem 1.1. (See Theorem 4.27). — Let k be a field and let C be a compactly
generated k-linear ∞-category. Suppose that C admits a single compact generator E
such that ExtmC (E,E) = 0 for m  0. Then the natural transformation θC induces
a homotopy equivalence
CatDefcC(k[[t]]) ' CatDef∧C (k[[t]]) = {k[u]− linear structures on C}.
The idea of the proof is to exhibit another compact generator of C on which
k[u] acts trivially, which implies that it is unobstructed. For this it suffices to kill
the multiplication by u on the generator E by forming its cocone. As a by product
of the proof of Theorem 4.27 we obtain the following existence result for compact
generators.
Theorem 1.2. (See Theorem 4.29). — In the situation of Theorem 1.1, let Ct =
{Ci}i be any compactly generated formal deformation of C. Then there exists a formal
family of compact generators {Ei}i of the family {Ci}i which satisfies ExtmCi(Ei, Ei) =
0 for m 0.
We emphasize that our method in the proof of Theorems 1.1 and 1.2 relies on
the fact that the E2-Koszul dual of the algebra k[[t]] of formal power series (viewed
as an E2-algebra) is given by the free graded associative (also commutative) algebra
k[u] with u in degree 2 (viewed as an E2-algebra). The argument cannot be adapted
verbatim to first order infinitesimal deformations where the E2-algebra D(2)(k[t]/t2)
is given by the more complicated free E2-algebra FreeE2(k[−2]) on a generator in
degree 2.
F. Petit has proven in [Pet12] the existence of compact generators in derived
categories of DQ-modules. We expect to give an alternative proof of this fact using
Theorem 1.2.
On a more fundamental level, we prove a new result concerning the loop functor
on the ∞-category of formal moduli problems over a deformation context (Propo-
sition 2.15). Moreover it implies a new description of the formal moduli associated
to any m-proximate formal moduli (Corollary 2.19). As a consequence, we obtain
the following description of the formal moduli CatDef∧C in terms of !-group actions
(which also appeared in [Pre12, Prop 5.3.3.4]).
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Proposition 1.3. (See Corollary A.11). — Let k be a field and let C be a k-linear
∞-category. Then the formal E2-moduli problem CatDef∧C is given by the formula
CatDef∧C (A) ' {Left actions of QCoh!(ΩSpf(A))⊗ on C}
where QCoh!(ΩSpf(A)) is the ∞-category of Ind-coherent sheaves on ΩSpf(A) en-
dowed with the convolution monoidal structure.
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1.2 General conventions
• Let U be a Grothendieck universe, with U satisfying the axiom of infinity.
The U-small mathematical objects will be called only small. We assume the
axiom of Universes. Some arguments in this article will require to enlarge the
universe U, which is always possible by assuming the axiom of Universes. If V
is such an enlargement in which U is small, the V-small mathematical objects
will be called not necessarily small.
• We work within the theory of ∞-categories in the sense of Lurie [Lur09], a.k.a
quasicategories. We follow the terminology and the conventions of loc.cit.
regarding the theory of ∞-categories. We denote by Cat∞ the ∞-category of
small ∞-categories.
• For two ∞-categories C and C′, we denote by Fun(C, C′) the ∞-category of
functors from C to C′.
• If C is an∞-category admitting a final object ∗. The∞-category C∗ of pointed
objects in C is by definition the full subcategory of Fun(∆1, C) consisting of
morphisms C → C ′ such that C is a final object of C.
• We denote by S the ∞-category of small spaces in the sense of [Lur09, Def
1.2.16.1]. It is therefore defined as the simplicial nerve of the simplicial cat-
egory of small Kan complexes. We denote by Ŝ the ∞-category of not nec-
essarily small spaces. The word space means an object of the ∞-category
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S. The expression not necessarily small space means an object of Ŝ for some
appropriate universe V. We denote by ∗ the final object ∆0 of S.
• We follow the terminology of [Lurd] concerning n-connective spaces. Let n ≥ 0
be an integer. A space X is n-connected if pii(X,x) = 0 for every i < n and
every vertex x ∈ X. Every space is declared to be (−1)-connective.
• We follow the terminology of [Lurd] concerning n-truncated spaces. Let n ≥
−1 be an integer. A space X is n-truncated if pii(X,x) = 0 for every i > n
and every vertex x ∈ X. By convention a space is (−1)-truncated if it is either
empty or contractible, and is (−2)-truncated if it is contractible. A map of
pointed spaces X → Y is called n-truncated if its fiber is n-truncated.
• We denote by Sp the stable ∞-category of spectra (see [Lurd, Def 1.4.3.1]).
• Let n ∈ Z be an integer. We consider the usual t-structure on the stable ∞-
category Sp. A spectrum X is n-connective (resp. n-truncated) if piiX = 0 for
every i < n (resp. i > n).
2 Generalities on formal moduli problems
We start by recalling from [Lurb, §4] the notion of formal moduli problems defined
over En-algebras and their classification. Then we recall the setting of axiomatic
deformation theory from [Lurb, §1], in which our results from the next subsection
§2.2 concerning the approximation of formal moduli via loop spaces are proven.
2.1 Reminders on formal moduli problems
Reminders on formal En-moduli problems
Let k be a field of arbitrary characteristic. Let Modk denote the ∞-category of k-
module spectra. Let n ≥ 0 be an integer and let Alg(n)k := AlgEn(Modk) denote the
∞-category of En-algebras over k in the sense of [Lurd, Def 7.1.3.5]. Let Alg(n),augk =
(Alg
(n)
k )/k denote the ∞-category of augmented En-algebras. We call an En-algebra
A over k artinian if the following conditions are satisfied
• piiA = 0 for i < 0 and for i 0.
• For every i, the k-vector space piiA is finite dimensional.
• Let r denote the radical of the algebra pi0A, then the natural map (pi0A)/r→ k
is an isomorphism.
We denote by Alg
(n),art
k ⊆ Alg(n)k the full subcategory spanned by artinian En-
algebras. For every integer m ≥ 0, we denote by k ⊕ k[m] the shifted square zero
extension viewed as En-algebras over k, which are examples of artinian En-algebras.
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A functor X : Alg
(n),art
k → S is called a formal En-moduli problem if the space
X(k) is contractible and if for every pullback diagram
A //

A0

A1 // A01
in Alg
(n),art
k such that the maps pi0A0 → pi0A01 ← pi0A1 are surjective, the induced
square
X(A) //

X(A0)

X(A1) // X(A01)
is a pullback diagram in S. Let Fun∗(Alg(n),artk ,S) ⊆ Fun(Alg(n),artk ,S) denote the
full subcategory spanned by those functors X : Alg
(n),art
k → S such that X(k) is a
contractible space. We denote by ModuliEnk ⊆ Fun∗(Alg(n),artk ,S) the full subcate-
gory spanned by formal En-moduli problems. The class of pullback diagrams of the
form
k ⊕ k[m] //

k

k // k ⊕ k[m+ 1]
for m ≥ 0 are used to defined the tangent complex of a formal En-moduli problem.
Indeed if X is a formal En-moduli problem over k, the induced map X(k⊕ k[m])→
ΩX(k⊕ k[m+ 1]) is a homotopy equivalence, and defines a spectrum TX called the
tangent complex of X (see [Lurb, Def 1.2.5]). By [Lurb, Prop 1.2.10], a map of
formal En-moduli problems X → Y is an equivalence if and only if the induced map
TX → TY is an equivalence of spectra.
By [Lurb, Thm 4.0.8] there exists a functor
Ψ : Alg
(n),aug
k −→ ModuliEnk
which is an equivalence of ∞-categories. For an augmented En-algebra B
and for an artinian En-algebra A over k, there is an equivalence ΨB(A) '
Map
Alg
(n),aug
k
(D(n)(A), B) where D(n) : (Alg
(n),aug
k )
op → Alg(n),augk is the Koszul du-
ality functor defined in [Lurb, Prop 4.4.1]. Moreover there exists a commutative
diagram of ∞-categories
Alg
(n),aug
k
Ψ //
m

ModuliEnk
T [−n]

Modk // Sp
where m is given by taking the augmentation ideal.
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Reminders on axiomatic deformation theory
We recall some definitions and constructions from [Lurb, §1].
For A a presentable ∞-category, we denote by Sp(A) the ∞-category of spectra
objects of A in the sense of [Lurd, Def 1.4.2.8]. By [Lurd, Rem 1.4.2.25] there exists
an equivalence of ∞-categories Sp(A) ' lim(. . .→ A∗ Ω→ A∗ Ω→ A∗). We denote by
Ω∞ : Sp(A)→ A the evaluation on the 0-sphere S0 and for every integer n ∈ Z, we
denote by Ω∞−n : Sp(A)→ A the composition of Ω∞ with the nth shift functor on
Sp(A).
A deformation context in the sense of [Lurb, Def 1.1.3] is a pair (A, (Eα)α∈T )
where A is a presentable∞-category and (Eα)α∈T is a sequence of objects of the∞-
category Sp(A) of spectra objects in A. Given a deformation context (A, (Eα)α∈T ),
a map f : A → A′ in A is called elementary if there exists an index α ∈ T , an
integer n ≥ 0 and a pullback diagram
A //
f

∗A

A′ // Eα[n]
in A, where ∗A is a final object of A. A map f : A → A′ in A is called small if it
can be written as a finite composition of elementary maps A0 = A → A1 → . . . →
Am = A
′ in A. An object A ∈ A is called artinian if the map A→ ∗A is small. We
denote by Aart the full subcategory of A spanned by artinian objects.
Given a deformation context (A, (Eα)α∈T ), recall that a formal moduli problem
in the sense of [Lurb, Def 1.1.14] is a functor X : Aart → S which satisfies the two
conditions
1. The space X(∗A) is contractible.
2. For every pullback diagram
A //

A0

A1 // A01
in Aart such that the map A0 → A01 is small, the induced square
X(A) //

X(A0)

X(A1) // X(A01)
is a pullback diagram in S.
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By [Lurb, Prop 1.1.15] we are allowed to test condition (2) on the smaller class
of pullback diagrams of the form
A //

∗A

A′ // Eα[n]
in Aart where α ∈ T and n ≥ 0.
We denote by Fun∗(Aart,S) ⊆ Fun(Aart,S) the subcategory spanned functors
satisfying condition (1) above, or in other words sending ∗A to a contractible space.
We denote by ModuliA ⊆ Fun∗(Aart,S) the subcategory spanned by the formal
moduli problems.
Example 2.1. Let k be a field. Let n ≥ 1 and A = Alg(n),augk be the presentable
∞-category of augmented En-algebras over k. Consider the deformation context
(A, {k}) where k is seen as a module over itself. The deloopings of k are given by
the shifted square zero extensions k ⊕ k[m] for m ≥ 0. By [Lurb, Prop 4.5.1], an
augmented En-algebra A is artinian with respect to the deformation context (A, {k})
if and only if it is artinian in the sense of §2.1. By [Lurb, Prop 4.5.1], a morphism
A→ A′ in Alg(n),augk is small with respect to the deformation context (A, {k}) if and
only if the induced map pi0A → pi0A′ is surjective. Then [Lurb, Cor 4.5.4] implies
that X is a formal moduli problem with respect to the deformation context (A, {k})
if and only if it is a formal En-moduli problem in the sense of §2.1.
Notation 2.2. Let (A, (Eα)α∈T ) be a deformation context. Consider the embedding
iA : ModuliA ↪→ Fun∗(Aart,S) into the ∞-category of functors X : Aart → S such
that X(∗A) is a contractible space. The ∞-categories ModuliA and Fun∗(Aart,S)
are presentable and by definition of formal moduli problems the functor iA preserves
all small limits. By the adjoint functor theorem [Lur09, Cor 5.5.2.9], this implies
that iA admits a left adjoint denoted by
ModuliA
 
iA
// Fun∗(Aart,S)
LA
tt
.
For every functor X : Aart → S sending ∗A to a contractible space we have
the unit natural transformation X → iA(LA(X)) of this adjunction. The formal
moduli problem LA(X) is therefore initial among formal moduli problems Y having
a natural transformation X → iAY .
Let (A, (Eα)α∈T ) be a deformation context. Recall from [Lurb, Def 1.2.5] that
every formal moduli problem X : Aart → S has a tangent spectrum X(Eα) ∈ Sp
of X at α. Moreover a map X → Y of formal moduli problems is an equivalence if
and only if for every α the map X(Eα)→ Y (Eα) is an equivalence of spectra.
In [Lurb, Def 1.3.1 and 1.3.9], Lurie defines the notion of weak deformation theory
and of deformation theory. In short a weak deformation theory for (A, (Eα)α∈T )
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consists of a functor D : Aop → B such that B is a presentable ∞-category, D
has a left adjoint D′ which behaves like an inverse equivalence to D on a certain
subcategory of B. In this situation, [Lurb, Cor 1.3.6] asserts the existence of an
∞-functor
Ψ : B→ ModuliA
which is given on objects by ΨB(A) = MapB(D(A), B). By applying the tangent
spectrum we obtain for every α a functor eα : B→ Sp given on objects by eα(B) =
ΨB(Eα). A deformation theory for (A, (Eα)α∈T ) is a weak deformation theory such
that each eα preserves small sifted colimits and such that a morphism f in B is an
equivalence if and only if each eα(f) is an equivalence of spectra. The main theorem
[Lurb, Thm 1.3.12] then asserts that under the existence of a deformation theory
for (A, (Eα)α∈T ), the functor Ψ is an equivalence of ∞-categories.
Formal spectrum and Koszul duality
We now set up some notations and intermediate results concerning the formal spec-
trum, pro-objects and formal Koszul duality.
Notation 2.3. Let (A, (Eα)α∈T ) be a deformation context and let A ∈ A be any
object. Consider the functor Spf(A) : Aart → S which is co-represented by A given
by the formula Spf(A)(R) = MapA(A,R). Then Spf(A) is a formal moduli problem
which is called the formal spectrum of A. Moreover the construction A 7→ Spf(A)
determines a functor
Spf : Aop −→ ModuliA
which is fully faithful when restricted to the subcategory (Aart)op spanned by ar-
tinian objects.
Example 2.4. Let n ≥ 1 and consider the deformation context (Alg(n),augk , k)
formed by augmented En-algebras over k. Let  : A → k be an augmented En-
algebra over k. If we think about the En-algebra A as determining a noncommu-
tative scheme Spec(A), then the formal spectrum Spf(A) can be thought of as the
functor parametrizing deformations of the point of Spec(A) determined by  over
artinian En-algebras.
The following Lemma will be useful in the sequel and follows from the fact that
the Koszul duality functor D(n) is a deformation theory.
Lemma 2.5. Let n ≥ 1 be an integer and denote by t(n) : ModuliEnk → Alg(n),augk the
equivalence given by [Lurb, Thm 4.0.8]. Let B be an augmented En-algebra over k.
Then there exists a natural equivalence of augmented En-algebras t
(n)
Spf(B) ' D(n)(B)
or equivalently an equivalence of formal moduli problems Spf(B) ' ΨD(n)(B).
Proof. Consider the natural transformation α : Spf(B) → ΨD(n)(B) induced by the
natural map
Map
Alg
(n),aug
k
(B,A)
αA−→ Map
Alg
(n),aug
k
(D(n)(A),D(n)(B))
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for each artinian En-algebra A over k. By adjunction the target space of αA
is naturally equivalent to the space Map
Alg
(n),aug
k
(B,D(n)D(n)(A)) and the map
is induced by the unit map A → D(n)D(n)(A). Let m ≥ 0 be an integer and
A = k ⊕ k[m] be the trivial square zero extension. We claim that the biduality
map A → D(n)D(n)(A) is an equivalence. Indeed by [Lurb, Prop 4.5.6] there ex-
ists an equivalence D(n)(FreeaugEn (k[−m − n]) ' k ⊕ k[m] of augmented En-algebras
and by [Lurb, Prop 4.1.13] the En-algebra FreeaugEn (k[−m−n]) is n-coconnective and
locally finite whenever m ≥ 0, which by [Lurb, Thm 4.4.5] implies that the bidu-
ality map is an equivalence for the En-algebra FreeaugEn (k[−m − n]), and thus also
for A = k ⊕ k[m]. We deduce that the map αA is a homotopy equivalence and
therefore that α induces an equivalence on the tangent spectrum, and is therefore
an equivalence, which proves the lemma.
2.2 Approximation of formal moduli and loop spaces
As explained above, the deformation functor of a linear∞-category over a field does
not in general satisfy the derived Schlessinger conditions, but turns out to be rather
close to satisfy them. Many examples of deformation functors of some algebro-
geometric objects behave similarly. In [Lurb, §5.1], Lurie developed a formalism
to study these functors under the name of m-proximate formal moduli problems
for m ≥ 0 an integer. We will prove that the functor L = LA : Fun∗(Aart,S) →
ModuliA from Notation 2.2 admits a special description when restricted to the sub-
category spanned by m-proximate formal moduli problems in terms of Em-maps
between certain loop Em-spaces (see Corollary 2.19). For this we will prove a result
concerning the loop space functor on the ∞-category of formal moduli problem (see
Proposition 2.15).
Let (A, (Eα)α∈T ) be a deformation context and m ≥ 0 an integer. Recall from
[Lurb, Def 5.1.5] that a functor X : Aart → S is called an m-proximate formal
moduli problem if the space X(∗A) is contractible and if for every pullback square
A //

A0

A1 // A01
in Aart such that the map A0 → A01 is small, the induced map
X(A)→ X(A0)×X(A01) X(A1)
is (m−2)-truncated (that is, all homotopy fibers of this map are (m−2)-truncated).
We observe that 0-proximate formal moduli problems are exactly the formal moduli
problems.
Notation 2.6. We denote by Prox(m)A ⊆ Fun∗(Aart,S) the full subcategory
spanned by m-proximate formal moduli problems. There is a tower of ∞-categories
ModuliA = Prox(0)A ⊆ Prox(1)A ⊆ Prox(2)A ⊆ . . . ⊆ Fun∗(Aart,S)
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For example, we will see below that the deformation functor of an object in a linear
∞-category is in general 1-proximate and that the deformation functor of a fixed
linear ∞-category itself is in general 2-proximate.
Notation 2.7. Let n ≥ 1 and m ≥ 0, and consider the deformation context
(Alg
(n),aug
k , k) of Example 2.1. We will denote by Prox(m)En ⊆ Fun∗(Alg(n),artk ,S)
the full subcategory of m-proximate formal En-moduli problem.
Notation 2.8. Let (A, (Eα)α∈T ) be a deformation context and suppose that A
is a pointed ∞-category in the sense that any final object is also initial (e.g. the
∞-category Alg(n),augk of augmented En-algebras over k). Then the ∞-category
Fun∗(Aart,S) is also pointed. We denote by
Ω : Fun∗(Aart,S) −→ Fun∗(Aart,S)
the loop functor in the sense of [Lurd, Rem 1.1.2.9]. The embedding ModuliA ↪→
Fun∗(Aart,S) commutes with small limits and the loop functor restricts to a functor
Ω : ModuliA → ModuliA. For m ≥ 0 an integer, we denote by Ωm = Ω ◦ . . . ◦ Ω (m
times) the iterated loop functor.
Remark 2.9. In the situation of Notation 2.8, let X : Aart → S be any functor.
Then the functor ΩX is given on objects by (ΩX)(A) = ΩX(A) where the loop space
is taken at the base point ∗ → X(A) corresponding to the map ∗ ' X(∗A)→ X(A)
induced by the essentially unique map ∗A → A.
If we imagine that the functor X parametrizes deformations of an object of
an ∞-category corresponding to the connected component pi0X(∗A) = ∗, then the
functor ΩX parametrizes deformations of the identity of this object, or in other
words infinitesimal autoequivalences of this object.
Remark 2.10. Let f : X → Y be a Kan fibration between Kan complexes. Let
m ≥ 0 be an integer and suppose that the map f is (m − 2)-truncated, that is, all
its homotopy fibers are (m − 2)-truncated. Then we deduce from the long exact
sequence of homotopy groups for any choice of basepoint that the induced map
ΩmX → ΩmY is a homotopy equivalence, and whenever m ≥ 1 that the morphism
pim−1(X,x0) → pim−1(Y, f(x0)) is injective for any basepoint x0 ∈ X. Besides, we
deduce from the same long exact sequence that the induced map ΩX → ΩY is
(m− 3)-truncated.
Lemma 2.11. Let (A, (Eα)α∈T ) be a deformation context such that A is a pointed
∞-category. Let m ≥ 0 and let X : Aart → S be an m-proximate formal moduli
problem. Then the natural map ΩmX → ΩmLX induced by the unit map X → LX
is an equivalence. In particular the functor ΩmX is a formal moduli problem.
Proof. By [Lurb, Thm 5.1.9] the functor X is m-proximate if and only if the unit
map X → LX is (m− 2)-truncated. If it is the case, we deduce from Remark 2.10
that the induced map ΩmX → ΩmY is an equivalence.
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Notation 2.12. Let X be an ∞-category which admits finite products. Consider
the cartesian symmetric monoidal structure X× with monoidal product given by the
cartesian product (see [Lurd, §2.4.1]). Let 0 ≤ m ≤ ∞ and consider the ∞-category
MonEm(X ) = AlgEm(X×) of Em-monoid objects in X . Recall that an E1-monoid
object M in X with multiplication map m : M ×M →M is called grouplike if the
two maps
(m, p1) : M ×M →M ×M, (m, p2) : M ×M →M ×M
are equivalences in X , where pi is the ith projection map. Recall that an Em-monoid
object M in X is called grouplike if the underlying E1-monoid (for any embedding
of ∞-operads E⊗1 ↪→ E⊗m) is grouplike. Let MongpEm(X ) ⊆ MonEm(X ) denote the full
subcategory spanned by grouplike Em-monoid objects (see [Lurd, Def 5.2.6.6]). If X
is a presentable ∞-category, then an Em-monoid object M in X is grouplike if and
only if the monoid pi0M is a group.
If X is a pointed presentable ∞-category, by [Lurd, Not 5.2.6.11] the iterated
loop functor Ωm : X → X factorizes as a functor
Ωm : X → MongpEm(X ),
where by convention, if m = ∞ we set Ω∞ = limm Ωm via the equivalence
limm MonEm(X ) ' MonE∞(X ).
Remark 2.13. Let X be an ∞-category which admits finite products. The prop-
erty of being grouplike for an Em-monoid object is independent of the choice of
the embedding of ∞-operads E⊗1 ↪→ E⊗m (see [Lurd, Rem 5.2.6.8]). This implies
that the equivalence limm MonEm(X ) ' MonE∞(X ) restricts to an equivalence
limm Mon
gp
Em(X ) ' Mon
gp
E∞(X ).
Remark 2.14. Let X be an ∞-category which admits finite products. Consider
the full embedding MongpEm(X ) ⊆ MonEm(X ) of grouplike Em-monoid objects into all
Em-monoid objects. This inclusion preserves finite product and therefore extends to
a symmetric monoidal functor. We have an induced functor MonE1(Mon
gp
Em(X ))→
MonE1(MonEm(X )) on the∞-categories of E1-monoid objects which is fully faithful.
By the additivity theorem [Lurd, Thm 5.1.2.2] the target of this functor is equiv-
alent to the ∞-category MonEm+1(X ) of Em+1-monoid objects and by definition of
grouplike objects the equivalence MonE1(MonEm(X )) ' MonEm+1(X ) restricts to
an equivalence MongpE1(MonEm(X )) ' Mon
gp
Em+1(X ). Moreover the above embedding
restricts to an embedding
MongpE1(Mon
gp
Em(X ))→ Mon
gp
E1(MonEm(X )) ' Mon
gp
Em+1(X )
on the subcategories of grouplike E1-monoid objects. This embedding is an equiva-
lence of ∞-categories. Indeed, it is also essentially surjective, for if M is a grouplike
E1-object in MonEm(X ), it follows from Remark 2.13 that the underlying Em-monoid
object of M is grouplike and lies in the essential image.
The following result provides conditions on the underlying deformation context
under which the iterated loop functor is an equivalence for the∞-category ModuliA
of formal moduli problems.
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Proposition 2.15. Let (A, (Eα)α∈T ) be a deformation context admitting a deforma-
tion theory and such that A is a pointed ∞-category. Then for every 0 ≤ m ≤ ∞,
the iterated loop functor Ωm : ModuliA → MongpEm(ModuliA) is an equivalence of∞-categories.
Proposition 2.15 is a consequence of the following Lemma.
Lemma 2.16. Let X be a pointed presentable ∞-category. Suppose that there exists
a presentable stable ∞-category A and a functor f : X → A which is conservative,
preserves geometric realizations of simplicial objects and preserves finite limits. Then
for any 0 ≤ m ≤ ∞ the functor Ωm : X → MongpEm(X ) is an equivalence of ∞-
categories.
Proof. If m = 0 the assertion follows from the assumption that X is pointed, since
there are equivalences MongpE0(X ) ' MonE0(X ) ' X∗, where X∗ is the ∞-category of
pointed objects. Otherwise for finite m, by Remark 2.14 and ascending induction
on m it suffices to prove the result for m = 1. For this, consider the diagram
X ΩX //
f

MongpE1(X )
fgp

A ΩA //MongpE1(A).
Because f preserves finite limits, there exists a natural equivalence fgpΩX ' ΩAf
making this diagram commutative up to equivalence. The ∞-category A being
stable, the functor ΩA is an equivalence . The functors ΩX and ΩA admit as left
adjoint the functorsBX andBA respectively given by the bar construction. By virtue
of the assumption that f preserves geometric realizations of simplicial objects, and
that the bar construction is given by the geometric realization of a simplicial object
(see [Lurd, Rem 5.2.2.8]), there exists a natural equivalence fBX ' BAfgp. Let
 : BXΩX → idX be the counit map. The composition of  with the composite
functor ΩAf is equivalent to the natural transformation
fgpΩX ' ΩABAfgpΩX ' ΩAfBXΩX → ΩAf
which is an equivalence because f preserves finite limits. Because ΩA is an equiv-
alence and f is conservative, this implies that  is an equivalence. We can prove
similarly that the unit map η : id→ ΩXBX is an equivalence by composing with the
functor fgp. The assertion for m = ∞ follows by passing to the limit over m and
form Remark 2.13.
Proof of Proposition 2.15. Let D : Aop → B be a deformation theory for the de-
formation context (A, (Eα)α∈T ). By definition, we have at our disposal for every
α ∈ T , a functor eα : B→ Sp which preserves small sifted colimits and such that the
family {eα}α is jointly conservative (see [Lurb, Cor 1.3.8, Def 1.3.9]). This implies
that the functor
e =
∏
α∈T
eα : B→
∏
α∈T
Dα = A
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where Aα = Sp for every α, is conservative and preserves small sifted colimits. By
construction, the functor eα preserves finite limits, so that e has the same property.
Denote by t : ModuliA → B the inverse of the equivalence Ψ : B → ModuliA (see
[Lurb, Thm 1.3.12]). Then the composite functor e ◦ t : ModuliA → A satisfies all
the assumptions of Lemma 2.16, by which we deduce the claim.
Notation 2.17. In the situation of Proposition 2.15, we denote by Bm :
MongpEm(ModuliA) → ModuliA the inverse of the equivalence Ωm : ModuliA →
MongpEm(ModuliA).
Notation 2.18. Let (A, (Eα)α∈T ) be a deformation context such that A is a pointed
∞-category. Consider the restriction Ωmprox : Prox(m)A → MongpEm(Fun∗(Aart,S))
of the iterated loop functor Ωm : Fun∗(Aart,S) → MongpEm(Fun∗(Aart,S)). By
Lemma 2.11, the functor Ωmprox factorizes as a functor Ω
m
prox : Prox(m)A →
MongpEm(ModuliA).
Corollary 2.19. Let (A, (Eα)α∈T ) be a deformation context admitting a defor-
mation theory and such that A is a pointed ∞-category. Let m ≥ 0 and let
Lm : Prox(m)A → ModuliA denote the restriction of the functor L to the sub-
category Prox(m)A of m-proximate formal moduli problems. Then there exists an
equivalence of functors Lm ' BmΩmprox : Prox(m)A → ModuliA. In particular, the
functor Lm preserves all small limits. As a consequence, for every m-proximate
formal moduli problem X, the functor LmX is given by the formula
LmX(A) ' MapMongpEm (ModuliA)(Ω
mSpf(A),ΩmX).
Proof. By Lemma 2.11, there is an equivalence of functors Ωmprox ' ΩmLm, which
after composition with Bm provides by Proposition 2.15 the expected natural equiv-
alence BmΩmprox ' Lm. Because Ωmprox is given by a limit and that Bm is an equiva-
lence, we have that Lm preserves all small limits. Let X be an m-proximate formal
moduli problem. Then for A ∈ Aart we have natural homotopy equivalences
LmX(A) ' BmΩmproxX(A) ' MapModuliA(Spf(A), BmΩmX)
' MapMongpEm (ModuliA)(Ω
mSpf(A),ΩmX).
3 Reminders on deformations of categories
We start with notations and terminology related to presentable, compactly generated
and linear ∞-categories, as well as the relation with differential graded categories.
We follow the terminology of [Lur09] and [Lurd]. We also point out the reference
[Rob14] where we can find an overview on this subject.
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3.1 Linear ∞-categories
We denote by PrL the∞-category of not necessarily small presentable∞-categories
together with functors which are left adjoints (see [Lur09, Def 5.5.3.1] for a con-
struction of PrL).
An ∞-category C is said to be compactly generated if it is presentable and if
in addition there exists a small ∞-category C0 which admits finite colimits and an
equivalence Ind(C0) ' C. In this situation, by [Lur09, Thm 5.4.2.2] the small ∞-
category C0 which generates C can be choosen to be the small idempotent complete
full subcategory Cc ⊆ C consisting of compact objects of C.
By [Lurd, Prop 4.8.1.14], the ∞-category PrL admits a symmetric monoidal
structure in the sense of [Lurd, Def 2.1.2.13] and we denote the induced symmetric
monoidal product by ⊗. If C, C′ are presentable ∞-categories of the form C = P(C0)
and C′ = P(C′0) with C0, C0 small ∞-categories, then we have C ⊗ C = P(C0 × C0)
where × is the cartesian symmetric monoidal structure on Cat∞. The unit of PrL,⊗
is the ∞-category S of small spaces. Moreover this symmetric monoidal structure
is closed and for two presentable ∞-categories C, C, the ∞-category FunL(C, C) of
colimit preserving ∞-functors is presentable. By [Lurd, Lem 5.3.2.11], if C and C
are compactly generated k-linear ∞-categories, the tensor product C ⊗ C is again
compactly generated and the subcategory (C ⊗C)c is generated under finite colimits
by Cc × Cc.
Let k be an E∞-ring. The ∞-category Modk of k-module spectra admits a sym-
metric monoidal structure Mod⊗k given by the smash product over k. Considering
Mod⊗k as an E∞-algebra object in the symmetric monoidal ∞-category PrL,⊗, we
define the ∞-category of k-linear ∞-categories to be
PrLk := ModMod⊗k
(PrL,⊗).
Morphisms in PrLk are called k-linear functors. Because Modk is a stable∞-category
in the sense of [Lurd, Def 1.1.1.9], the underlying ∞-category of any k-linear ∞-
category is stable. For example if k = S the sphere spectrum, then PrLS is the ∞-
category of presentable stable ∞-categories with exact functors between them. The
symmetric monoidal structure on PrL induces a symmetric monoidal structure on
PrLk . We denote the corresponding tensor product by ⊗k. Moreover the symmetric
monoidal structure on PrLk is closed. For k-linear ∞-categories C, C′ and C′′ there
exists a k-linear ∞-category FunLk (C, C) of k-linear colimit preserving ∞-functors,
such that there exists an equivalence
MapPrLk
(C ⊗k C′, C′′) ' MapPrLk (C,Fun
L
k (C′, C′′)).
In the case C = C′, we denote by Endk(C) = FunLk (C, C) the k-linear ∞-category
of k-linear endofunctors of C. Any k-linear ∞-category C ∈ PrLk is enriched over
Modk. Indeed if E,F ∈ C are objects, the ∞-functor Modk → S given on objects
by V 7→ MapC(V ⊗ E,F ) commutes with small colimits and by presentability of C
is therefore representable by an object MapC(E,F ) ∈ Modk satisfying the universal
property
MapC(V ⊗ E,F ) ' MapModk(M,MapC(E,F )).
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We set the notation ExtmC (E,F ) = pi−mMapC(E,F ) for the Ext groups in C.
We now recall the relation of the above with the homotopy theory of k-linear
differential graded categories. Let k be a discrete commutative ring. We consider two
∞-categories of k-linear dg-categories (we use the terminology of [Rob14, §6.1.1]):
• Dg(k) : the∞-category encoding the homotopy theory of presentable k-linear
dg-categories up to quasi-equivalence. Morphisms are dg-functors which com-
mute with small sums. The dg-nerve construction provides an ∞-functor
NLdg : Dg(k) −→ PrL.
• Dgc(k) : the ∞-category encoding the homotopy theory of presentable com-
pactly generated k-linear dg-categories up to quasi-equivalence. Morphisms
are dg-functors which commute with small sums and preserve compact ob-
jects. The dg-nerve restricts to an ∞-functor
Ncdg : Dg
c(k) −→ PrLω .
By the work of Cohn [Coh13] there exists a commutative diagram of∞-categories
Dg(k)
NLdg
// PrLk
Dgc(k)
Ncdg
//
?
OO
PrLω,k
?
OO
where PrLω,k = ModMod⊗k
(PrLω) is the∞-category of k-linear compactly generated∞-
categories together with k-linear functors which preserve small colimits. Moreover
the bottom horizontal arrow is an equivalence of ∞-categories.
Notation 3.1. Let k be an E∞-ring and C a k-linear∞-category. If E is a collection
of objects of C, we denote by E⊥ the full subcategory of C consisting of objects C
such that MapC(E,C) ' 0 for every E ∈ E .
Definition 3.2. Let k be an E∞-ring. Let C be a k-linear ∞-category.
1. A collection E of objects of C generates C if E⊥ consists of zero objects of C.
2. A collection E of objects of C is a family of compact generators of C if each
object E ∈ E is compact and if the collection E generates C.
3. A compact generator of C is a compact object E of C such that the family
E = {E} generates C.
Definition 3.3. Let k be an E∞-ring. A k-linear∞-category C is said to be tamely
compactly generated if C is compactly generated and if for any compact objects E,E′
of C we have ExtmC (E,E′) = 0 for m 0.
Remark 3.4. Let k be an E∞-ring and C a k-linear ∞-category. Suppose that C
admits a single compact generator E. Then C is tamely compactly generated if and
only if ExtmC (E,E) = 0 for m 0.
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3.2 Deformations of objects
We recall from [Lurb, §5.2] the fundamental results about the deformation functor
of an object in a linear ∞-category over a field.
Let k be a field, let C be a k-linear ∞-category and let E ∈ C be an object.
Recall from [Lurb, Const 5.2.1] that we can define a functor
ObjDefE : Alg
art
k → S
from artinian E1-algebras over k to spaces which satisfies the following properties.
• For every artinian E1-algebra A over k, the space ObjDefE(A) classifies de-
formations of E over A in C, or in other words it is the classifying space
of pairs (EA, u) with EA ∈ RModA(C) a right A-module object in C and
u : EA ⊗A k ' E an equivalence in C.
• In general, the functor ObjDefE does not satisfy the derived Schlessinger con-
ditions and is not a formal E1-moduli problem. Let ObjDef∧E = L(ObjDefE)
denote the associated formal E1-moduli problem.
• By [Lurb, Cor 5.2.5], the functor ObjDefE is a 1-proximate formal E1-moduli
problem, or equivalently the unit map ObjDefE → ObjDef∧E is (−1)-truncated.
• Let EndC(E) be the E1-algebra of endomorphisms of E in C. By [Lurb, Thm
5.2.8] the augmented E1-algebra which controls the formal E1-moduli problem
ObjDef∧E is given by k ⊕ EndC(E). In other words there exists for every
A ∈ Algartk a natural equivalence
ObjDef∧E(A) ' MapAlgk(D(1)(A),EndC(E)).
In particular the tangent spectrum of ObjDef∧E is given by TObjDef∧E '
EndC(E)[1].
• Koszul duality for modules implies that for every artinian E1-algebra A we
have a natural homotopy equivalence
ObjDef∧E(A) ' LMod!A(C)' ×C' {E}
with the space of deformations of E as an Ind-coherent right A-modules in
C, where LMod!A(C) = LMod!A ⊗k C is the ∞-category of Ind-coherent right
A-modules in C (see [Lurb, Rem 5.2.16]).
• By [Lurb, Prop 5.2.14], under the assumption that C admits a left complete
t-structure and that E is connective, then ObjDefE is a formal E1-moduli
problem.
Notation 3.5. Let k be a field, let C be a k-linear ∞-category and let E ∈ C be
an object. We will denote by ObjDefE2E the restriction of the functor ObjDefE to
artinian E2-algebras along the forgetful functor Alg
(2),art
k → Algartk .
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3.3 Deformations of categories
We first recall from [Lurb, §5.3] the fundamental results about the deformation
functor of a linear ∞-category over a field. Then we recall the construction of this
functor.
Let k be field and C a k-linear ∞-category. In [Lurb, §5.3] is constructed a
functor
CatDefC : Alg(2),artk −→ Ŝ
from artinian E2-algebras over k to not necessarily small spaces which satisfies the
following properties.
• For any artinian E2-algebra A over k, the space CatDefC(A) classifies defor-
mations of C over A, or in other words pairs (CA, u) with CA a right A-linear
∞-category and u : CA ⊗A k ' C an equivalence in PrLk (see below for the def-
inition of linear ∞-category over an E2-algebra). We observe that the space
CatDefC(k) is contractible.
• In general, the functor CatDefC does not satisfy the derived Schlessinger con-
ditions, and is not an E2-formal moduli problem. Let CatDef∧C := L(CatDefC)
denote the associated E2-formal moduli problem and
σC : CatDefC → CatDef∧C
denote the unit map. In other words, the map σC is in general not an equiva-
lence. We will see a simple example below.
• However, the map σC is rather close to be an equivalence as shown by Lurie.
Namely, by [Lurb, Cor 5.3.8] the functor CatDefC is a 2-proximate E2-formal
moduli problem in the sense of [Lurb, Def 5.1.5] (with values in essentially
small spaces). By [Lurb, Thm 5.1.9], it means that the map σC has 0-truncated
fibers, or in other words, that the map σC induces an isomorphism on pii for
i ≥ 2 and is injective on pi1 (all homotopy groups are based at the trivial
deformation of C).
• Let ξ(C) denote the E2-algebra over k given by the center of the∞-category C
in the sense of [Lurb, Def 5.3.10]. The underlying k-module spectrum of ξ(C) is
given by EndEndk(C)(idC) so that the homotopy groups of ξ(C) are isomorphic to
the Hochschild cohomology groups of C. By [Lurb, Thm 3.5.1], the augmented
E2-algebra which controls the E2-formal moduli problem CatDef∧C is given by
k ⊕ ξ(C). In other words, for any artinian E2-algebra A over k there exists a
natural equivalence
CatDef∧C (A) ' MapAlg(2)k (D
(2)(A), ξ(C))
where D(2) is the E2-Kozsul duality functor. In particular the tangent spec-
trum of CatDef∧C is given by TCatDef∧C ' ξ(C)[2].
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We have stronger properties if we restrict to compactly generated deformations
as observed by Lurie (see [Lurb, Variant 5.3.4]), a condition which is reasonable in
most examples of interest. Let CatDefcC denote the subfunctor of CatDefC spanned
by pairs (CA, u) where CA is compactly generated. By [Lurb, Variant 5.3.6], the
functor CatDefcC has values in essentially small spaces, and can therefore be viewed
as a functor
CatDefcC : Alg(2),artk −→ S
which satisfies the following properties.
• The natural embedding CatDefcC → CatDefC has 0-truncated fibers, which
implies that CatDefcC is a 2-proximate E2-formal moduli problem and that the
induced map L(CatDefcC) → L(CatDefC) = CatDef∧C is an equivalence. We
denote by
θC : CatDefcC → CatDef∧C
the unit map.
• Suppose that C is tamely compactly generated (see Definition 3.3). Then the
functor CatDefcC is a 1-proximate E2-formal moduli problem by [Lurb, Prop
5.3.21]. In other words, the map θC induces an isomorphism on pii for i ≥ 1 and
an injection on pi0. Our main result gives additional conditions under which
the surjectivity on pi0 holds for formal deformations.
We recall now the construction of the functor CatDefC from [Lurb, Const 5.3.2].
By [Lurd, Thm 4.8.5.16] there exists a functor
Algk −→ PrLk
A 7−→ LModA
which extends to a symmetric monoidal functor. Passing to algebra objects we
obtain a functor
Alg
(2)
k ' Alg(Algk) −→ Alg(PrLk )
A 7−→ LMod⊗A
which to an E2-algebra A associates the monoidal ∞-category of left A-modules.
Let A be an E2-algebra over k. A right A-linear ∞-category (resp. left A-linear
∞-category) is by definition a right LMod⊗A-module in PrLk (resp. a left LMod⊗A-
module in PrLk ). If A→ A′ is a morphism of E2-algebras over k, and CA a right A-
linear∞-category, we denote by CA⊗AA′ the extension of scalars CA⊗̂LModALModA′ .
Consider the cocartesian fibration RMod(PrLk ) → Alg(PrLk ) with fiber over a
k-linear monoidal ∞-category D⊗ given by the ∞-category RModD⊗(PrLk ) of ∞-
categories right tensored over D⊗. Set RCatk = Alg(2)k ×Alg(PrLk ) RMod(Pr
L
k ) and
consider the induced cocartesian fibration p : RCatk → Alg(2)k with fiber over an E2-
algebra A given by the∞-category RModLMod⊗A(Pr
L
k ) of right A-linear∞-categories.
Consider the subcategory RCatcocartk consisting of p-cocartesian morphisms so that
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we obtain a left fibration RCatcocartk → Alg(2)k with fiber over A the space of right
A-linear ∞-categories.
Let C be a k-linear ∞-category and consider the pair (k, C) as an object of
RCatcocartk . The ∞-category of deformations of C is the ∞-category Deform[C] =
(RCatcocartk )/(k,C). The induced left fibration Deform[C] → (Alg(2)k )/k ' Alg(2),augk is
classified by a functor Alg
(2),aug
k → Ŝ whose restriction to artinian E2-algebras is
denoted by CatDefC : Alg(2),artk −→ Ŝ.
4 Generators and curvature in deformations of cate-
gories
In this section we first set up some preliminary results concerning simultaneous
deformations and deformations of E1-algebras. Finally, in the last subsection, we
use them to prove our main results concerning formal deformations.
4.1 Simultaneous deformations
Let k be a field. We now study the deformation functor of a pair (C, E) with C a
k-linear ∞-category and E ∈ C an object.
We first give a construction of this functor which consists in mimicking the
construction of CatDefC in [Lurb, Const 5.3.2] but replacing the ∞-category PrLk by
the slice ∞-category (PrLk )Modk/ of pairs (C, E) with C a k-linear ∞-category and E
an object of C.
Construction 4.1. [Lurd, Thm 4.8.5.16] provides a symmetric monoidal functor
Algk −→ (PrLk )Modk/
A 7−→ (LModA, A)
where the ∞-category (PrLk )Modk/ is endowed with the natural symmetric monoidal
structure from [Lurd, Rem 2.2.2.25] coming from the fact that Modk is the unit in
PrL,⊗k . Applying algebra objects we obtain a functor
Alg
(2)
k ' Alg(Algk)→ Alg((PrLk )Modk/) ' Alg(PrLk )
A 7−→ LMod⊗A.
Consider the cocartesian fibration
RMod((PrLk )Modk/)→ Alg(PrLk )
with fiber over a monoidal ∞-category D⊗ the ∞-category RModD⊗((PrLk )Modk/)
of pairs (M,M) where M is a k-linear ∞-category right tensored over D⊗ and
M ∈ M an object. Set RCat∗k = Alg(2)k ×Alg(PrLk ) RMod((Pr
L
k )Modk/) and consider
the induced cocartesian fibration q : RCat∗k → Alg(2)k with fiber over an E2-algebra A
the ∞-category of right A-linear ∞-categories together with a distinguished object.
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Let (RCat∗k)cocart be the subcategory of q-cocartesian morphisms so that we have an
induced left fibration (RCat∗k)cocart → Alg(2)k . Let C be a k-linear ∞-category and E
an object of C. The ∞-category of deformations of (C, E) is the ∞-category
Deform[C, E] := (RCat∗k)cocart/(k,C,E).
The induced left fibration Deform[C, E] → (Alg(2)k )/k ' Alg(2),augk is classified by a
functor Alg
(2),aug
k → Ŝ whose restriction to artinian E2-algebras is denoted by
SimDef(C,E) : Alg(2),artk −→ Ŝ.
For any artinian E2-algebra A over k, the space SimDef(C,E)(A) classifies 4-
uples (CA, EA, u, v) where CA is a right A-linear ∞-category, u : CA ⊗A k ' C is an
equivalence, EA ∈ CA is an object and v : EA ⊗A k ' A is an equivalence in C. We
have that SimDef(C,E)(k) is a contractible space.
The deformation functor SimDef(C,E) is closely related to the deformation func-
tors CatDefC and ObjDefE . We construct the evident maps between them.
Construction 4.2. Let k be a field, C a k-linear ∞-category and E an object of C.
The forgetful functor (PrLk )Modk/ → PrLk induces a functor RCat∗k → RCatk which in
turn induces a functor Deform[C, E] → Deform[C] commuting with the projection
to Alg
(2),aug
k . We obtain natural transformations
τ(C,E) : SimDef(C,E) −→ CatDefC
ρ(C,E) : SimDefc(C,E) −→ CatDefcC
given on objects by forgetting the distinguished object deformation.
The homotopy fiber of the forgetful functor (PrLk )Modk/ → PrLk at C is equivalent
to the Kan complex MapPrLk
(Modk, C) ' C'. The induced functor C' → (PrLk )Modk/
is given on object by sending an object E of C' to the pair (C, E). This functor
induces a functor Deform[E] → Deform[C, E] commuting with the projection to
Alg
(2),aug
k . We therefore obtain a natural transformation
ϕ(C,E) : ObjDef
E2
E −→ SimDef(C,E)
where ObjDefE2 is the restriction of the functor ObjDefE to artinian E2-algebras
over k along the forgetful functor Alg
(2),art
k → Algartk . The functor ϕ(C,E) is given
on object by sending a deformation EA of E over an E2-algebra A to the pair
(C ⊗k A,EA). Moreover, whenever C is compactly generated, we have that the map
ϕ(C,E) factors as a map ObjDef
E2
E → SimDefc(C,E).
Proposition 4.3. Let k be a field, C a k-linear ∞-category and E ∈ C an object.
The sequence of natural transformations
ObjDefE2E −→ SimDef(C,E) −→ CatDefC
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from Construction 4.2 is a fiber sequence in Fun∗(Alg
(2),art
k , Ŝ). Consequently, the
functor SimDef(C,E) is a 2-proximate formal E2-moduli problem (in a larger uni-
verse). Moreover it induces a homotopy commutative diagram
ObjDefE2E
//

SimDef(C,E)

// CatDefC

ObjDefE2,∧E // SimDef∧(C,E) // CatDef∧C
where the bottom line is a fiber sequence in ModuliE2k .
Proof. The first assertion follows from the fact that the homotopy fiber of the functor
(PrLk )Modk/ → PrLk at C is given by the Kan complex C'. The second assertion follows
directly from the existence of the fiber sequence and the fact that ObjDefE2E and
CatDefC are 1-proximate and 2-proximate respectively. The last assertion follows
from the fact that the three functors are m-proximate formal moduli problems for
some m and from the fact (after suitable enlargement of the universe) that the
functor Lm : Prox(m)E2 → ModuliE2k preserves small limits by Corollary 2.19.
Remark 4.4. We can already deduce from Proposition 4.3 the tangent spectrum
of the formal E2-moduli problem SimDef∧C . However, to avoid dealing with the E2-
algebra associated to the formal E2-moduli problem ObjDefE2,∧E , we give a direct
construction of the E2-algebra associated to SimDef∧C , which will be useful in the
sequel.
Notation 4.5. Let k be a field, C a k-linear ∞-category and E ∈ C an object.
Consider the object (C, E) of the slice∞-category (PrLk )Modk/ and its endomorphism
monoidal k-linear ∞-category Endk(C, E)⊗ := End(PrLk )Modk/((C, E))
⊗. Denote by
ξ(C, E) = EndEndk(C,E)(id(C,E)) the E2-algebra over k given by endomorphisms of
the unit. By adjunction, this E2-algebra satisfies the following universal property:
for any E2-algebra A over k, there exits a homotopy equivalence
Map
Alg
(2)
k
(A, ξ(C, E)) ' LModLMod⊗A((Pr
L
k )Modk/)
' ×((PrLk )Modk/)' {(C, E)}
where the right hand side is the space of left A-linear structures on the pair (C, E),
or in other words, the space of left A-linear structures on C acting trivially on E up
to equivalence.
Remark 4.6. Let k be a field, C a k-linear ∞-category and E ∈ C an object. By
definition of the slice ∞-category (PrLk )Modk/, the k-linear ∞-category Endk(C, E)
is the homotopy fiber of the k-linear functor evE : End(C)→ C given by evaluation
at E. We deduce that the induced sequence
ξ(C, E)→ ξ(C)→ EndC(E)
is a fiber sequence of k-module spectra. We observe that the first map in the sequence
is a map of E2-algebras over k.
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Proposition 4.7. Let k be a field, C a k-linear ∞-category and E ∈ C an ob-
ject. Consider the augmented E2-algebra given by k ⊕ ξ(C, E) and its associated
E2-formal moduli problem Ψk⊕ξ(C,E). Then there exists a natural transformation
SimDef(C,E) → Ψk⊕ξ(C,E) which is 0-truncated. Therefore the formal E2-moduli
problem SimDef∧(C,E) is given by the formula
SimDef∧(C,E)(A) ' MapAlg(2)k (D
(2)(A), ξ(C, E)).
Proof. We mimic the proof of [Lurb, Thm 5.3.16], replacing the center ξ(C) by
ξ(C, E). Following the same lines as in [Lurb, Const 5.3.18], we see that there exits
a homotopy commutative diagram
Deform[C, E] //

(Alg
(2),aug
k )/ξ(C,E)

(Alg
(2),aug
k )
op D
(2)
// Alg
(2),aug
k
where the upper functor sends a deformation (CA, EA) over an augmented E2-
algebra A to C seen as left tensored over D(2)(A) via the equivalence (D(2)(A) ⊗k
CA)⊗D(2)(A)⊗kAk ' C together with the distinguished object E. This functor induces
a natural transformation
SimDef(C,E) → Ψk⊕ξ(C,E).
The same proof as [Lurb, Prop 5.3.17] but replacing the center ξ(C) by the E2-algebra
ξ(C, E) shows that this map is 0-truncated. Finally [Lurb, Thm 5.1.9] implies that
the induced map SimDef∧(C,E) → Ψk⊕ξ(C,E) is an equivalence.
Remark 4.8. In the situation of Proposition 4.7, the universal property of the E2-
algebra ξ(C, E) (see Notation 4.5) implies that we have for each artinian E2-algebra
A over k a natural homotopy equivalence
SimDef∧(C,E)(A) ' LModLMod⊗
D(2)(A)
((PrLk )Modk/)
' ×((PrLk )Modk/)' {(C, E)}
with the space of left D(2)(A)-linear structures on the ∞-category C such that
D(2)(A) acts trivially on the object E.
Remark 4.9. Let k be a field, C a k-linear∞-category and E ∈ C an object. Recall
from Proposition 4.3 the existence of a fiber sequence of formal E2-moduli problems
ObjDefE2,∧E −→ SimDef∧(C,E) −→ CatDef∧C .
It induces a fiber sequence
ΩSimDef∧(C,E) −→ ΩCatDef∧C −→ ObjDefE2,∧E
which after taking the tangent spectrum gives a fiber sequence of k-module spectra
ξ(C, E) −→ ξ(C) −→ EndC(E).
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It can be seen that for each artinian E2-algebra A over k, the map ΩCatDef∧C (A)→
ObjDefE2,∧E (A) sends an A-linear autoequivalence fA : C⊗kA ' C⊗kA of the trivial
deformation to the image fA(E⊗kA) of the trivial deformation of E in C⊗kA. From
this we can deduce that the fiber sequence of tangent spectra above is equivalent
to the fiber sequence given in Remark 4.6, although we will not use this fact. We
denote by χE : ξ(C)→ EndC(E) the map of k-modules induced by evaluation at E
and call it the obstruction map of E.
Remark 4.10. Let k be a field, C a k-linear ∞-category and E ∈ C an object.
Consider the homotopy commutative diagram
CatDefC(k ⊕ k[m]) //
σC

ΩCatDefC(k ⊕ k[m+ 1])

// ObjDefE2E (k ⊕ k[m+ 1])

CatDef∧C (k ⊕ k[m]) ∼ // ΩCatDef∧C (k ⊕ k[m+ 1]) // ObjDefE2,∧E (k ⊕ k[m+ 1])
where the right square is induced by Proposition 4.3. The bottom left map is
an equivalence because CatDef∧C is a formal moduli problem. By [Lurb, Thm 3.5.1],
there exists an isomorphism pi0CatDef∧C (k⊕k[m]) ' HHm+2(C). Moreover by [Lurb,
Thm 5.2.8] there is an isomorphism pi0ObjDef
∧
E(k ⊕ k[m + 1]) ' Extm+2C (E,E).
From Proposition 4.3 and taking pi0, we have an induced commutative diagram
pi0SimDef(C,E)(k ⊕ k[m]) α //

pi0CatDefC(k ⊕ k[m]) //
σC

pi0ObjDef
E2
E (k ⊕ k[m+ 1])

pi0SimDef∧(C,E)(k ⊕ k[m]) // HHm+2(C)
χE // Extm+2C (E,E)
where the bottom line is exact in the middle. Let C1 be a deformation of C over
k ⊕ k[m] and let φ = σC(C1). Suppose E1 ∈ C1 deforms E or in other words that
E1⊗k⊕k[m] k ' E in C1⊗k⊕k[m] k ' C. In this case we have α(C1, E1) = C1 and thus
χE(φ) = 0.
Example 4.11. We can now explain a simple example in which CatDefC fails to
be a formal moduli problem. It is taken from [KL09, Ex 3.14]. Let k be a field of
characteristic zero and A = k[u, u−1] the free graded commutative k-algebra gener-
ated by a degree 2 variable u and its inverse over k. We regard A as an E∞-algebra
and let C = ModA be the k-linear ∞-category of A-module spectra. A computation
gives HH2(C) ' k generated by the multiplication by u whose corresponding cocycle
is denoted by φu. Then for every non zero A-module M , we have that χM (φu) 6= 0
in Ext2A(M,M) because multiplication by u on M is an equivalence. Suppose now
that φu is the image by the map σC : pi0CatDefC(k[t]/t2)→ HH2(C) of a deformation
C1 of C over k[t]/t2. Then any M1 6= 0 in C1 satisfies M = M1⊗k[t]/t2 k 6= 0 in C, and
by Remark 4.10 we have χM (φu) = 0, which is a contradiction. We deduce that φu
is not in the image of the map σC : pi0CatDefC(k[t]/t2)→ HH2(C) and that CatDefC
is not a formal E2-moduli problem.
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Notation 4.12. Let k be a field, C a compactly generated k-linear ∞-category and
E ∈ C an object. For each artinian E2-algebra A over k we denote by SimDefc(C,E)(A)
the summand of SimDef(C,E)(A) consisting of 4-uplets (CA, u, EA, v) with CA being
compactly generated. We obtain a functor
SimDefc(C,E) : Alg(2),artk → Ŝ.
Proposition 4.13. Let k be a field, C a compactly generated k-linear ∞-category
and E ∈ C an object. The functor SimDefc(C,E) is a 2-proximate E2-moduli problem
and the inclusion SimDefc(C,E) → SimDef(C,E) induces an equivalence of formal E2-
moduli problems L(SimDefc(C,E)) ' SimDef∧(C,E). If moreover C is supposed to be
tamely compactly generated, then SimDefc(C,E) is a 1-proximate formal E2-moduli
problem.
Proof. A variant of Proposition 4.3 implies the existence of a homotopy commutative
diagram
ObjDefE2E
//

SimDefc(C,E)

// CatDefcC

ObjDefE2,∧E // SimDefc,∧(C,E) // CatDef∧C
where the two horizontal top maps are constructed in Construction 4.2. This dia-
gram implies the first two assertions. The last one follows from this diagram and the
fact that if C is tamely compactly generated then by [Lurb, Prop 5.3.21] the functor
CatDefcC is 1-proximate.
Remark 4.14. Let k be a field, C a tamely compactly generated k-linear∞-category
and E ∈ C an object. Let m ≥ 0 be an integer and consider the following commuta-
tive diagram induced by the commutative diagram of the proof of Proposition 4.13,
similarly to Remark 4.10.
pi0SimDefc(C,E)(k ⊕ k[m]) //

pi0CatDefcC(k ⊕ k[m]) //
θC

pi0ObjDef
E2
E (k ⊕ k[m+ 1])

pi0SimDef∧(C,E)(k ⊕ k[m]) // HHm+2(C)
χE // Ext2C(E,E)
The bottom line is exact in the middle. All vertical maps are injective because
when C is tamely compactly generated, the functors SimDefc(C,E) and CatDefcC are
1-proximate and moreover ObjDefE2E is 1-proximate. This implies that the upper
line is also exact in the middle, as a sequence of pointed sets. We deduce from this
that given a compactly generated deformation C1 of C over k⊕ k[m], there exists an
object E1 ∈ C1 deforming E if and only if χE(θC(C1)) = 0.
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4.2 Deformations of associative algebras
We recall some known facts about the deformation functor of an associative algebra
and construct maps to the formal E2-moduli problem of its ∞-category of left mod-
ules and from the formal E2-moduli problem of simultaneous deformations of pairs
(C, E) given by taking endomorphisms.
Construction 4.15. Consider the functor Alg
(2)
k → Alg(PrLk ) given on objects by
A 7→ LMod⊗A (see [Lurb, Not 5.3.1] or §3.3). For an E2-algebra A over k, we denote
by AlgA = Alg(LMod
⊗
A) the presentable ∞-category of A-algebras. Composing the
functor Alg
(2)
k → Alg(PrLk ) with the functor Alg : Alg(PrLk ) → PrL given by taking
algebra objects, we obtain a functor Alg
(2)
k → PrL sending an E2-algebra A to the
∞-category AlgA of A-algebras. This functor is classified by a cocartesian fibration
s : Alg → Alg(2)k with fiber over an E2-algebra A given by the ∞-category AlgA.
Consider the subcategory of s-cocartesian morphisms Algcocart and the induced left
fibration Algcocart → Alg(2)k .
Let B be an E1-algebra over k. The ∞-category of deformation of B is the
∞-category Deform[B] = (Algcocart)/(k,B). The induced left fibration Deform[B]→
Alg
(2),aug
k is classified by a functor Alg
(2),aug
k → Ŝ whose restriction to artinian E2-
algebras is denoted by
AlgDefB : Alg
(2),art
k −→ Ŝ
For any artinian E2-algebra A, the space AlgDefB(A) classifies pairs (BA, u) with
BA an A-algebra and u : BA ⊗A k ' B an equivalence of E1-algebras over k.
Proposition 4.16. Let k be a field and B an E1-algebra over k. For every pullback
diagram
A //

A1

A0 // A01
in Alg
(2),art
k , the induced map
AlgDefB(A)→ AlgDefB(A0)×AlgDefB(A01) AlgDefB(A1)
has (−1)-truncated homotopy fibers (or equivalently induces a homotopy equivalence
onto its essential image).
Proof. By [Lura, Thm 7.4], for every such pullback square in Alg
(2),art
k , the induced
functor
LModA → LModA0 ×LModA01 LModA1
is fully faithful. Because the functor Alg : Alg(PrL) → PrL given by applying alge-
bra objects preserves small limits and preserves fully faithful functors, the induced
functor
AlgA → Alg(LModA0 ×LModA01 LModA1) ' AlgA0 ×AlgA01 AlgA1
is fully faithful, which implies our assertion.
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Corollary 4.17. Let k be a field and B an E1-algebra over k. For every artinian
E2-algebra A over k, the space AlgDefB(A) is essentially small. Therefore AlgDefB
can regarded as a functor with values in the ∞-category S of small spaces.
Proof. Let m ≥ 0 be an integer. By Proposition 4.16 the map AlgDefB(k⊕k[m])→
ΩAlgDefB(k ⊕ k[m + 1]) induces a homotopy equivalence onto its essential image.
Moreover the target of this map is homotopy equivalent to the homotopy fiber of the
restriction map MapAlgA(B⊗k A,B⊗k A)→ MapAlgk(B,B) at idB and is therefore
essentially small. This implies that AlgDefB(k ⊕ k[m]) is essentially small for any
m ≥ 0. Let now A be an artinian E2-algebra and let A = A0 → A1 → . . .→ An = k
be a finite sequence of maps such that for every 0 ≤ i ≤ n−1 there exists an integer
mi ≥ 0 and a pullback diagram
Ai //

Ai+1

k // k ⊕ k[mi].
By Proposition 4.16 the induced map
AlgDefB(A)→ AlgDefB(k)×AlgDefB(k⊕k[mi]) AlgDefB(Ai+1)
is a homotopy equivalence onto its essential image. We then deduce by descending
induction on i, using the first part of the proof that AlgDefB(A) is essentially small.
Corollary 4.18. Let k be a field and B an E1-algebra over k. The the functor
AlgDefB : Alg
(2),art
k → S is a 1-proximate formal E2-moduli problem.
Proof. It follows by combining Proposition 4.16 and Corollary 4.17.
Proposition 4.19. Let k be a field and let B be an n-connective E1-algebra over k
for some integer n (i.e. the underlying k-module of B is n-connective). Then the
functor AlgDefB is a formal E2-moduli problem.
Proof. For an E2-algebra A, let LMod≥nA denote the full subcategory of LModA
spanned by n-connective left A-modules. Moreover let Alg≥nA denote the full sub-
category of AlgA spanned by the n-connective A-algebras. By a variant of [Lura,
Prop 7.6], for every pullback diagram
A //

A0

A1 // A01
in Alg
(2),art
k such that the maps pi0A0 → pi0A01 ← pi0A1 are surjective, the induced
functor
LMod≥nA −→ LMod≥nA0 ×LMod≥nA01 LMod
≥n
A1
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is an equivalence, where LMod≥nA is the ∞-category of n-connective left A-modules.
Because for every E2-algebra A′ the forgetful functor AlgA′ → LModA′ is conserva-
tive, the proof of [Lura, Prop 7.6] also shows that the induced functor
Alg≥nA −→ Alg≥nA0 ×Alg≥nA01 Alg
≥n
A1
is an equivalence. Remark that if M is an n-connective k-module and if MA′ is a
deformation of M over an artinian E2-algebra A′, then the A′-module MA′ is n-
connective (see the proof of [Lurb, Prop 5.2.14]). By the above, this implies that
the induced map
AlgDefB(A) −→ AlgDefB(A0)×AlgDefB(A01) AlgDefB(A1)
is a homotopy equivalence and therefore that AlgDefB is a formal E2-moduli prob-
lem.
Notation 4.20. Let k be a field and B an E1-algebra over k. Consider the co-
cartesian fibration s : Alg → Alg(2)k from Construction 4.15 and the cocartesian
fibration p : RCatk → Alg(2)k from §3.3. By [Lurd, Not 4.8.5.10] there exists a func-
tor Alg → RCatk which to a pair (A,BA) with A an E2-algebra over k and BA an
A-algebra, assigns the pair (A,LModBA(LModA)) where LModBA(LModA) is seen
as right tensored over LMod⊗A. By [Lurd, Prop 4.8.5.1] the functor Alg → RCatk
sends s-cocartesian morphisms to p-cocartesian morphisms and therefore induces a
natural transformation AlgDefB → CatDefLModB which factors as a natural trans-
formation
MB : AlgDefB −→ CatDefcLModB
given on objects by applying the ∞-category of left modules.
Notation 4.21. Let k be a field, let C be a compactly generated k-linear∞-category
and let E ∈ C be an object. Consider the cocartesian fibration s : Alg → Alg(2)k
from Construction 4.15 and the cocartesian fibration q : RCat∗k → Alg(2)k from Con-
struction 4.1. By [Lurd, Thm 4.8.5.11], there exists a functor RCat∗k → Alg which
to a triple (A, CA, EA) with A an E2-algebra over k, CA a right A-linear ∞-category
and EA ∈ CA an object, assigns the pair (A,EndCA(EA)) where EndCA(EA) is seen
as an A-algebra. It is easy to see that the functor RCat∗k → Alg sends q-cocartesian
morphisms to s-cocartesian morphisms and therefore induces a natural transforma-
tion
E(C,E) : SimDefc(C,E) −→ AlgDefEndC(E)
given on objects by taking endomorphisms.
Remark 4.22. Let k be a field, let C be a tamely compactly generated k-linear ∞-
category and let E ∈ C be a compact generator of C. Let A be an artinian E2-algebra
over k, and suppose given a deformation CA of C over A and a deformation EA ∈ CA
of E. Then by [Lurb, Lem 5.3.31] we have that CA is tamely compactly generated,
and [Lurb, Lem 5.3.37] implies that the object EA is a compact generator of CA.
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Therefore by [Lurd, Thm 7.1.2.1] (Schwede–Shipley result), there exists a natural
A-linear equivalence
LModEndCA (EA)
(LModA) ' CA.
This fact implies that the diagram
SimDefc(C,E)
E(C,E)
//
ρ(C,E) ((
AlgDefEndC(E)
MEndC(E)

CatDefcC
commutes up to natural homotopy, where ρ(C,E) is the natural transformation from
Construction 4.2 given by forgetting the distinguished object. Indeed, unwinding
the construction of each of these functors, we see that it suffices to produce for each
artinian E2-algebra A over k an equivalence as above.
4.3 Formal deformations
Let k be a field and let C be a k-linear∞-category. Recall that under the assumption
that C is tamely compactly generated (see Definition 3.3), we have by [Lurb, Prop
5.3.21] that the natural transformation
θC : CatDefcC −→ CatDef∧C
is (−1)-truncated. Under some additional assumptions on C, we now prove that
the map θC induces a surjection on pi0 for formal deformations, and therefore is an
equivalence on formal deformations (that is, over the adic ring k[[t]] of formal power
series). To prove this, we prove a stronger statement which implies the existence of
a compact generator for formal deformations.
We first set up some conventions about formal deformations.
Let n ≥ 1 be an integer, let k be a field and let X : Alg(n),artk → S be a functor.
Consider the discrete commutative algebra k[[t]] of formal power series in one variable
as an augmented En-algebra over k via the forgetful functor CAlgaugk → Alg(n),augk .
The space of formal deformations in X is by definition the space
X(k[[t]]) = Map
Fun∗(Alg
(n),art
k ,S)
(Spf(k[[t]]), X)
where Spf : Alg
(n),aug
k → ModuliEnk is the formal spectrum (see Notation 2.3).
Lemma 4.23. Let k be a field and let
. . .→ B2 → B1 → B0
be an inverse system of discrete local artinian commutative k-algebras having same
residue field k. Let B = limiBi be the limit. Let n ≥ 2 and consider for each i
the algebra Bi as an artinian En-algebra and B as an augmented En-algebra via
the forgetful functor CAlgaugk → Alg(n),augk . Then the natural map colimiSpf(Bi) →
Spf(B) is an equivalence of formal En-moduli problems. Equivalently, the natural
map colimiD
(n)(Bi)→ D(n)(B) is an equivalence of augmented En-algebras over k.
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Proof. The statement for n = ∞ is given by [Lurc, Lem 6.3.3]. More precisely, let
R = k ⊕ k[m] as an artinian E∞-algebra for some integer m ≥ 0 and consider the
homotopy commutative diagram
colimiMapCAlgaugk
(Bi, R) //

MapCAlgaugk
(B,R)

colimiMapAlg(n),augk
(Bi, R) //MapAlg(n),augk
(B,R)
where the vertical maps are given by the forgetful functor CAlgaugk → Alg(n),augk .
By [Lurc, Lem 6.3.3] the horizontal top map is a homotopy equivalence. Denote by
CAlgaug,♥k and Alg
(n),aug,♥
k the subcategories of discrete augmented E∞-algebras over
k and of discrete augmented En-algebras over k respectively. As n ≥ 2 the forgetful
functor induces an equivalence of categories CAlgaug,♥k ' Alg(n),aug,♥k . The E∞-
algebras Bi and B being discrete, this implies that the vertical maps in the diagram
are homotopy equivalences. Therefore the horizontal bottom map is a homotopy
equivalence as well. We have proven that the map colimiSpf(Bi)→ Spf(B) induces
an equivalence on tangent spectra, which implies that it is an equivalence of formal
En-moduli problems. The last statement follows from Lemma 2.5 by applying the
equivalence t(n) : ModuliEnk → Alg(n),augk .
Remark 4.24. Let n ≥ 2 be an integer, let k be a field and let X : Alg(n),artk → S
be a functor. Applying Lemma 4.23 to the ring k[[t]] = limi k[t]/t
i of formal power
series in one variable over k, we obtain a natural homotopy equivalence:
X(k[[t]]) ' lim
i
X(k[t]/ti).
Therefore a point in X(k[[t]]) is essentially given by a formal family {ηi}i of
points ηi ∈ X(k[t]/ti) together with for every i ≥ 1, a path pi(ηi+1) ' ηi in
X(k[t]/ti), where pi : X(k[t]/t
i+1) → X(k[t]/ti) is the map induced by the pro-
jection k[t]/ti+1 → k[t]/ti, plus higher coherences.
Remark 4.25. Let k be a field and let C be a compactly generated k-linear ∞-
category. Remark 4.24 applied to the functor CatDefcC : Alg(2),artk → S implies
that a point in CatDefcC(k[[t]]) is essentially given by a formal family {Ci}i with
Ci a compactly generated k[t]/ti-linear ∞-category together with for each i ≥ 1 a
k[t]/ti-linear equivalence Ci+1 ⊗k[t]/ti+1 k[t]/ti ' Ci.
Remark 4.26. Let k be a field and let C be a k-linear ∞-category. Consider the
space of formal deformations CatDef∧(k[[t]]) = Map
Moduli
E2
k
(Spf(k[[t]]), CatDef∧).
Applying the equivalence t(2) : ModuliE2k → Alg(2),augk , by Lemma 2.5 and [Lurb,
Thm 3.5.1] there exists natural homotopy equivalences
CatDef∧(k[[t]]) = Map
Moduli
E2
k
(Spf(k[[t]]), CatDef∧C )
' Map
Alg
(2),aug
k
(D(2)(k[[t]]), k ⊕ ξ(C))
' Map
Alg
(2)
k
(D(2)(k[[t]]), ξ(C)),
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where ξ(C) is the E2-algebra given by the center of C.
The usual computation using the Koszul–Tate resolution gives D(2)(k[[t]]) ' k[u]
where k[u] is the augmented E2-algebra over k associated to the free augmented
graded commutative k-algebra on one generator in cohomological degree 2 via the
forgetful functor. We deduce from this and from the universal property of the center
([Lurb, Rem 5.3.11]) that there exists a natural homotopy equivalence
CatDef∧C (k[[t]]) ' MapAlg(2)k (k[u], ξ(C)) ' LModLMod⊗k[u](Pr
L
k )
' ×(PrLk )' {C}
with the space of left k[u]-linear structures on the ∞-category C.
Here is our first main result.
Theorem 4.27. Let k be a field and let C be a tamely compactly generated k-linear
∞-category which has a compact generator. Then the map
θtC : CatDefcC(k[[t]])→ CatDef∧C (k[[t]])
induced by θC is a homotopy equivalence.
We will deduce Theorem 4.27 from the following intermediate statement.
Proposition 4.28. Let k be a field and let C be tamely compactly generated k-
linear ∞-category which has a compact generator E ∈ C. Let α ∈ CatDef∧C (k[[t]])
be any point. Then there exists another compact generator Eu of C and a formal
deformation Bt of its endomorphism algebra B = EndC(Eu) such that the connected
component of Bt is sent to the connected component of α by the composite map
pi0AlgDefB(k[[t]])
MtB−→ pi0CatDefcC(k[[t]])
θtC−→ pi0CatDef∧C (k[[t]]).
In particular, the map θtC : CatDefcC(k[[t]])→ CatDef∧C (k[[t]]) is surjective on pi0.
Proof of Theorem 4.27. By [Lurb, Prop 5.3.21] the map θC : CatDefcC → CatDef∧C is
(−1)-truncated. This implies that the induced map
θtC : MapModuliE2k
(Spf(k[[t]]), CatDefcC)→ MapModuliE2k (Spf(k[[t]]), CatDef
∧
C )
is (−1)-truncated as well. By Proposition 4.28 we have that the map θtC is surjective
on pi0, which proves that it is a homotopy equivalence.
Here is another consequence of Proposition 4.28.
Theorem 4.29. Let k be a field and let C be tamely compactly generated k-linear
∞-category which has a compact generator E ∈ C. Let Ct = {Ci}i be a compactly
generated formal deformation of C. Then there exists another compact generator
Eu of C and a formal deformation Bt = {Bi}i of its endomorphism algebra B =
EndC(Eu) such that for every i ≥ 1 there exists a k-linear equivalence Ci ' LModBi.
In particular, each Ci is tamely compactly generated and admits a compact generator.
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Proof. Let Ct = {Ci}i be a compactly generated formal deformation of C. Consider
the vertex α = θtC(Ct) ∈ CatDef∧C (k[[t]]). Let Eu ∈ C be the compact generator
provided by Proposition 4.28 so that there exists a formal deformation Bt = {Bi}i
of B = EndC(Eu) such that the connected component of Bt is sent to the connected
component of α by the map θtC ◦mtB. But θtC is injective on pi0 by Theorem 4.27, so
that for every i ≥ 1 there exists a k-linear equivalence LModBi ' Ci. As C is tamely
compactly generated, the E1-algebra B is n0-connective for some integer n0. By
Proposition 4.19 this implies that for every i ≥ 1 the E1-algebra Bi is n0-connective,
and therefore that Ci is tamely compactly generated.
Remark 4.30. In the situation of Theorem 4.29, the fact that each Ci is tamely
compactly generated for every compactly generated formal deformation Ct of C is
already a consequence of [Lurb, Lem 5.3.31] and does not require the assumption
that C has a compact generator.
Proof of Proposition 4.28. Let α ∈ CatDef∧C (k[[t]]). Recall from Remark 4.26 the
existence of a homotopy equivalence CatDef∧C (k[[t]]) ' MapAlg(2)k (k[u], ξ(C)) with
the space of left k[u]-linear structures on C. We denote by Cu the left k[u]-linear
structure corresponding to α. Let E be a compact generator of C. We exhibit
another compact generator of C on which k[u] acts trivially. The left k[u]-action
gives a map of k-modules k[u] → EndC(E) and consider the map φE : E → E[2]
given by the image of u. Define Eu to be the homotopy fiber of φE in C, it is
well defined up to a contractible space of choice. We claim that the object Eu is
still a compact generator of C. That it is compact follows from the fact that the
subcategory Cc ⊆ C spanned by compact objects is stable under finite colimits in C
and that C is stable. To see that it is a generator, let F be an object of C such that
MapC(E
u, F ) ' 0 and we must prove that F ' 0. For this we can suppose that F is
compact. The fiber sequence Eu → E → E[2] induces a fiber sequence of k-module
spectra
MapC(E,F )[−2]→ MapC(E,F )→ MapC(Eu, F ) ' 0
which implies that MapC(E,F ) ' MapC(E,F )[−2]. Because C is tamely compactly
generated, we deduce that MapC(E,F ) ' 0. But E is a generator of C and thus
F ' 0.
We adopt the notation
LModLMod⊗
k[u]
(PrLk )
'
C = LModLMod⊗
k[u]
(PrLk )
' ×(PrLk )' {C}
for the space of left k[u]-linear structures on C and similarly for left actions of k[u]
on the pair (C, E). Consider the diagram
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SimDefc(C,Eu)(k[[t]]) //
E

SimDef∧(C,Eu)(k[[t]])

∼ // LModLMod⊗
k[u]
((PrLk )Modk/)
'
(C,Eu)
pi

AlgDefEndC(Eu)(k[[t]])
υ //
M

AlgDef∧EndC(Eu)(k[[t]])

CatDefcC(k[[t]]) θ // CatDef∧C (k[[t]]) ∼ // LModLMod⊗
k[u]
(PrLk )
'
C
where the notations E , M, and θ have been removed indices for simplicity. By
construction, the two smaller squares in this diagram commutes up to natural ho-
motopy. Moreover the outer square commutes up to natural homotopy by virtue of
Remark 4.22. Therefore the right square is homotopy commutative as well, up to
natural homotopy. The two horizontal maps in the right square are equivalences by
[Lurb, Thm 5.3.16] and Proposition 4.7. Because C is supposed to be tamely com-
pactly generated and E compact, the E1-algebra EndC(E) is n0-connective for some
integer n0 which implies that the map υ is a homotopy equivalence by Proposition
4.19.
We claim that the object (Cu, Eu) of (PrLk )Modk/ provides a lift of Cu through
the map pi. Unwinding the definitions, we must show that Eu admits a lift through
the functor FunLMod⊗
k[u]
(Modk, Cu) → FunLMod⊗
k[u]
(LModk[u], Cu) ' Cu induced by
the monoidal functor LMod⊗k[u] → Mod⊗k itself induced by the augmentation map
k[u] → k. By the right handed variant of [Lurd, Thm 4.8.4.1], there exists an
equivalence of ∞-categories FunLMod⊗
k[u]
(Modk, Cu) ' RModk(Cu). Therefore we
must show that there exists a lift of Eu through the forgetful functor RModk(Cu)→
Cu. By a variant of [Lurd, Cor 4.2.4.4] this forgetful functor admits a right adjoint
Cu → RModk(Cu) given by the cofree right k-module functor which to an object
F ∈ Cu assigns the right k-module given by the exponential F k of F by the left
k[u]-module k. There is a fiber sequence k[u] → k[u][−2] → k in LModk[u], where
the first map is multiplication by u. This implies the existence of a fiber sequence
Ek → E[2]→ E in Cu and thus of an equivalence Ek ' Eu in Cu, which shows that
Ek is sent to Eu via the forgetful functor RModk(Cu)→ Cu.
We deduce that the pair (Cu, Eu) provides a well defined object in the∞-category
LModLMod⊗
k[u]
((PrLk )Modk/)(C,Eu) and therefore, by virtue of the commutative dia-
gram above, of a well defined object Bt in AlgDefEndC(Eu)(k[[t]]) corresponding
to a formal deformation of the E1-algebra B = EndC(Eu). By commutativity of
the diagram, we have the equality of connected components [θ ◦ M(Bt)] = [α] in
pi0CatDef∧C (k[[t]]).
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A Deformations as !-group actions
As a consequence of Corollary 2.19, we give a description of the formal E2-moduli
problem CatDef∧C for C a k-linear ∞-category over a field k in terms of !-actions of
the formal group ΩSpf(A) on C.
Notation A.1. Let k be a field and let C be a k-linear ∞-category, we set the
notations AutC = ΩCatDefC and Aut!C = ΩCatDef∧C . The natural transformation
θC : CatDefC → CatDef∧C induces a natural transformation AutC → Aut!C .
Remark A.2. Let k be a field and let C be a compactly generated k-linear ∞-
category. Because the embedding CatDefcC → CatDefC of compactly generated de-
formations into all deformations is fully faithful, the induced map ΩCatDefcC →
ΩCatDefC = AutC is a homotopy equivalence.
Remark A.3. Let k be a field and let C be a k-linear ∞-category. By [Lurb, Cor
5.3.8] the functor CatDefC is a 2-proximate formal E2-moduli problem, which implies
by Remark 2.10 that the functor AutC is a 1-proximate formal E2-moduli problem
and that the induced map ΩAutC → ΩAut!C is an equivalence. By Corollary 2.19,
we deduce that the induced map L2(AutC)→ Aut!C is an equivalence.
If in addition C is tamely compactly generated, then by [Lurb, Prop 5.3.21] we
have that CatDefcC is 1-proximate and we deduce from Remark A.2 that AutC is a
formal E2-moduli problem and that the natural map AutC → Aut!C is an equivalence.
Remark A.4. Let k be a field and let C be a k-linear ∞-category. It can be
shown that there exists a natural transformation AutC → ObjDefE2idC which is an
equivalence, where idC is seen as an object of the k-linear ∞-category Endk(C) of
k-linear endofunctors of C. Having this, we see that for every artinian E2-algebra A
the space AutC(A) parametrizes pairs (FA, u) with FA an object of the ∞-category
End(C)⊗kModA ' FunLA(C⊗kA, C⊗kA) (which is necessarily an A-linear autoequiv-
alence of C⊗kA) and u : FA⊗Ak ' idC an equivalence in End(C). Moreover the space
Aut!C(A) is the classifying space of right Ind-coherent A-modules in End(C) which
deforms idC , or in other words of pairs (FA, u) with FA an object in End(C)⊗kMod!A
and u : FA ⊗A k ' idC an equivalence.
Corollary A.5. Let k be a field and C a k-linear ∞-category. Then the formal
E2-moduli problem CatDef∧C is given by the formula
CatDef∧C (A) ' MapMongpE1 (ModuliE2k )
(ΩSpf(A),Aut!C).
If moreover C is tamely compactly generated, then the formal E2-moduli problem
CatDef∧C is given by the formula
CatDef∧C (A) ' MapMongpE1 (ModuliE2k )
(ΩSpf(A),AutC).
Proof. The first assertion follows from the definition of Aut!C and from Proposition
2.15. The second follows from the first combined with Remark A.3.
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Construction A.6. (Ind-coherent sheaves on formal E1-moduli problems as a sym-
metric monoidal functor). Let k be a field. Consider the cocartesian fibration
RMod!(Modk) → Algartk of [Lurb, Const 3.4.11] which is classified by the functor
ν : Algartk → Ĉat∞ given by ν(A) = RMod!A and functoriality for a morphism
f : A → B in Algartk is given by the !-pullback f ! : Mod!A → Mod!B. The func-
tor f ! preserves small colimits. It follows that ν factors through the subcategory
PrL ⊆ Ĉat∞ of presentable ∞-categories with functors that are left adjoints. The
full subcategory Algartk ⊆ Algk is stable under tensor product and therefore in-
herits a symmetric monoidal structure Algart,⊗k from Alg
⊗
k . A variant of [Lurd,
Thm 4.8.5.16] allows us to promote the functor ν to a symmetric monoidal functor
ν⊗ : Algart,⊗k → PrL,⊗.
Recall that the Yoneda embedding j : Algartk → Fun∗(Algartk ,S)op can be pro-
moted to a symmetric monoidal functor j⊗ : Algart,⊗k → Fun∗(Algartk ,S)op,× where
we endow the∞-category Fun∗(Algartk ,S) with its cartesian monoidal structure. Ap-
plying the monoidal variant of [Lur09, Thm 5.1.5.6], we deduce that ν⊗ admits an
essentially unique factorization as a composition
Algart,⊗k
j⊗−→ Fun∗(Algartk ,S)op,×
(QCoh!,⊗R ,(−)!)−→ PrL,⊗
such that the functor (QCoh!R, (−)!) preserves small limits (recall that a limit in
PrL can be computed as the limit of the corresponding diagram in Ĉat∞). For any
functor X : CAlgartk → S, the ∞-category QCoh!R(X) is the k-linear ∞-category of
right Ind-coherent sheaves on X and the symmetric monoidal structure expresses the
fact that for any two functors X,Y : Algartk → S, the natural functor QCoh!(X)⊗k
QCoh!R(Y )→ QCoh!R(X × Y ) is an equivalence in PrL. Similarly we can define left
Ind-coherent sheaves.
Passing to right adjoints (through the symmetric monoidal equivalence
(PrL)op,⊗ ' PrR,⊗), we obtain a symmetric monoidal functor
Fun∗(Algartk ,S)×
(QCoh!,⊗R ,(−)∗)−→ PrR,⊗
where the functoriality is now given by the pushforward.
Consider the lax symmetric monoidal inclusion PrR,⊗ ⊆ Ĉat×∞.
Lemma A.7. Let k be a field. The restriction of the composition
Fun∗(Algartk ,S)×
(QCoh!,⊗R ,(−)∗)−→ PrR,⊗ ⊆ Ĉat×∞
to the symmetric monoidal full subcategory ModuliE1,×k spanned by formal E1-moduli
problems factors through the lax symmetric monoidal inclusion PrL,⊗ ⊆ Ĉat×∞ and
is symmetric monoidal, providing a symmetric monoidal functor
(QCoh!,⊗R , (−)∗) : ModuliE1,×k → PrL,⊗.
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Proof. Let f : X → Y be a map of E1-formal moduli problems over k and let
f∗ : QCoh!R(X) → QCoh!R(Y ) be the induced functor. We wish to show that f∗
admits a right adjoint, or equivalently by the adjoint functor theorem [Lur09, Cor
5.5.2.9] that it preserves small colimits. Let A and B be the augmented E1-algebras
over k corresponding to X and Y respectively through the equivalence ModuliE1k →
Algaugk . Let ϕ : A → B be the map corresponding to f . By the Koszul duality
for modules [Lurb, Prop 3.5.1] there exists equivalences QCoh!R(X) ' LModA and
QCoh!R(Y ) ' LModB and the induced diagram
QCoh!R(X)
f∗
//
o

QCoh!R(Y )
o

LModA
ϕ∗
// LModB
commutes up to homotopy, where ϕ∗ is the left adjoint to the forgetful functor
ϕ∗ : LModB → LModA along ϕ. The functor α∗ preserves small colimits which
implies that f∗ has the same property. The second assertion follows directly from
the existence of the symmetric monoidal functor (QCoh!,⊗R , (−)!) : (ModuliE1,×k )op →
PrL,⊗k .
Notation A.8. The symmetric monoidal functor (QCoh!,⊗R , (−)∗) provided by
Lemma A.7 will be simply denoted by QCoh!,⊗R . Consider the unit Spec(k) in
ModuliE1,×k as a commutative algebra object. We have an equivalence of commuta-
tive algebra objects QCoh!R(Spec(k)) ' Modk in PrL,⊗. Therefore QCoh!,⊗ induces
a symmetric monoidal functor
ModuliE1,×k ' ModSpec(k)(ModuliE1k )×
QCoh!,⊗−→ ModMod⊗k (Pr
L)⊗ = PrL,⊗k
into the symmetric monoidal ∞-category of presentable k-linear ∞-categories.
For any E1-formal moduli problem X over k, the space
Map
Moduli
E1
k
(Spec(k), X) ' X(k) is contractible, which implies that the pro-
jection (ModuliE1k )Spec(k)/ → Modulik is an equivalence of ∞-categories. Because
Spec(k) and Modk are the units of the symmetric monoidal ∞-categories
ModuliE1,×k and Pr
L,⊗
k respectively, we have natural symmetric monoidal structures
((ModuliE1k )Spec(k)/)
× and ((PrLk )Modk/)
⊗ on the slice ∞-categories (see [Lurd, Rem
2.2.2.5]). Moreover the symmetric monoidal functor QCoh!,⊗R induces a symmetric
monoidal functor
ModuliE1,×k ' ((ModuliE1k )Spec(k)/)×
QCoh!,⊗R,∗−→ ((PrLk )Modk/)⊗.
The data of an object of the ∞-category (PrLk )Modk/ is essentially given by a pair
(C, E) with C a k-linear ∞-category and E an object of C. The functor QCoh!R,∗
sends a formal moduli problem X to the pair (QCoh!R(X), k) where QCoh
!(X) is
the k-linear ∞-category of Ind-coherent sheaves on X and k is the skyscraper sheaf
with value k at the k-point of X. If A is the augmented E1-algebra of X, the sheaf k
corresponds to the left A-module A through the equivalence QCoh!R(X) ' LModA.
37
We have the following consequence of [Lurd, Thm 4.8.5.11].
Proposition A.9. Let k be a field. The symmetric monoidal functor
QCoh!,⊗R,∗ : Moduli
E1,×
k → ((PrLk )Modk/)⊗
admits a lax symmetric monoidal right adjoint which sends a pair (C, E) to the
formal E1-moduli problem ObjDef∧(C,E) of deformations of E in C.
Proof. By [Lurd, Cor 7.3.2.7], it suffices to show that the underlying functor QCoh!R,∗
of QCoh!,⊗R,∗ admits a right adjoint. By Koszul duality for modules [Lurb, Prop 3.5.1],
there exists a homotopy commutative diagram
ModuliE1k
QCoh!R,∗
//
t(1)

(PrLk )Modk/
Algaugk
Θ∗
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where t(1) is the equivalence of [Lurb, Thm 3.0.4] and Θ∗ is the composition of the
functor constructed in [Lurd, Const 4.8.3.24] with the forgetful functor Algaugk →
Algk. Therefore Θ∗ is given on objects by Θ∗(A) = (LModA, A). By [Lurd, Thm
4.8.5.11], Θ∗ has a right adjoint which sends a pair (C, E) to the augmented E1-
algebra k ⊕ EndC(E), with EndC(E) the E1-algebra of endomorphisms of E in C.
This implies that QCoh!R,∗ has a right adjoint, which by [Lurb, Thm 5.2.8] recalled
in §3.2, is given on objects by (C, E) 7→ ObjDef∧(C,E).
Remark A.10. Let k be a field. Consider the restriction functor Rest : ModuliE1k →
ModuliE2k which admits a left adjoint Ext : Moduli
E2
k → ModuliE1k given by the left
Kan extension along the forgetful functor Alg
(2),art
k → Algartk . By composition we
obtain from Lemma A.9 that the symmetric monoidal functor
QCoh!,⊗R,∗ : Moduli
E2,×
k → ((PrLk )Modk/)⊗
admits as right adjoint the lax symmetric monoidal functor
ObjDefE2,∧ : ((PrLk )Modk/)
⊗ → ModuliE2,×k
where ObjDefE2,∧(C,E) is the restriction of the formal E1-moduli problem ObjDef
∧
(C,E)
on E2-algebras. Passing to algebra objects, we obtain a functor
Alg(QCoh!,⊗R,∗) : MonE1(Moduli
E2
k )→ Alg(PrLk )
with right adjoint given by the functor ObjDefE2,∧ sending a pair (D⊗,1) where
D⊗ is a monoidal k-linear ∞-category and 1 its unit object to the formal moduli
problem ObjDefE2,∧(D,1) of deformations of 1 in D.
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Corollary A.11. Let k be a field and let C be a k-linear ∞-category. Then the
formal E2-moduli problem CatDef∧C is given by the formula
CatDef∧C (A) ' Fun⊗k (QCoh!,⊗R (ΩSpf(A)),End(C)⊗)'.
In other words CatDef∧C (A) is naturally homotopy equivalent to the space
LMod
QCoh!,⊗R (ΩSpf(A))
(PrLk )
' ×(PrLk )' {C}
of left actions of the monoidal ∞-category QCoh!,⊗R (ΩSpf(A)) on C.
Proof. By Corollary A.5, for A an artinian E2-algebra, there is a natural homotopy
equivalence
CatDef∧C (A) ' MapMongpE1 (ModuliE2k )
(ΩSpf(A),Aut!C).
Besides, there exists an equivalence of functors AutC ' ObjDefE2idC which induces a
natural equivalence Aut!C ' ObjDefE2,∧idC . Applying the adjunction of Remark A.10,
we obtain a natural homotopy equivalence
Map
MongpE1
(Moduli
E2
k )
(ΩSpf(A),Aut!C) ' Fun⊗k (QCoh!,⊗R (ΩSpf(A)),End(C)⊗)'
which proves our claim.
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